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We study nonchiral wave functions for systems with continuous spins obtained from the confor-
mal field theory (CFT) of a free, massless boson. In contrast to the case of discrete spins, these
can be treated as bosonic Gaussian states, which allows us to efficiently compute correlations and
entanglement properties both in one (1D) and in two spatial dimensions (2D). In 1D, the computed
entanglement entropy and spectra are in agreement with the underlying CFT. Furthermore, we con-
struct a 1D parent Hamiltonian with a low-energy spectrum corresponding to that of a free, massless
boson. In 2D, we find edge excitations in the entanglement spectrum, although the states do not
have intrinsic topological order, as revealed by a determination of the topological entanglement
entropy.
I. INTRODUCTION
The main challenge in the theoretical study of many-
body systems is given by the exponential scaling of the
Hilbert space with the system size. Since exact diagonal-
ization techniques are limited to small systems, study-
ing simple models is essential for understanding intricate
many-body phenomena. One way to build such mod-
els is to define them through Hamiltonians. A different
approach is based on wave functions representing model
states in a variational sense. The most prominent exam-
ple is given by Laughlin’s wave function1 and its general-
izations2–4. These provide good variational descriptions
of electrons in a fractional quantum Hall5 (FQH) phase
and thus represent paradigmatic models of systems ex-
hibiting topological order6,7. Laughlin’s wave function is
the two-dimensional (2D) analog of the ground state be-
longing to the one-dimensional (1D) Calogero-Sutherland
model8–11.
In the past years, there has been an increased interest
in lattice models exhibiting topological properties and in
implementing these with systems consisting of ultracold
atoms, see for example Refs. 12–16. An advantage of this
approach is that the interaction strength can be tuned ex-
perimentally17. Thus, strongly interacting regimes can
be achieved where extraordinary many-body effects are
expected to be more pronounced and occur at higher tem-
peratures. Recent experimental achievements in this field
include the implementation of the Hofstadter model18,19
and the simulation of a four-dimensional FQH effect20,21.
Important theoretical models on lattices are given by
the chiral spin liquid22,23, which is the lattice version of
Laughlins wave function, its nonabelian generalization24,
and also the Haldane-Shastry model25,26, which is the lat-
tice analog of the Calogero-Sutherland model. Recently,
an exact parent Hamiltonian of the chiral spin liquid was
found27,28, which led to a proposal for an implementation
with ultracold atoms29.
In a seminal paper, Moore and Read4 showed that
Laughlin’s and other FQH wave functions can be con-
structed systematically using conformal field theory
(CFT) in 1(+1) dimension. In this approach, a FQH
wave function is defined as a chiral CFT correlator. Since
CFT is associated with the gapless boundary excita-
tions30–34 of a quantum Hall system, this is an exam-
ple of a bulk-edge correspondence35. The description of
a FQH state in terms of CFT thus establishes a con-
nection between the topological order of the state and
its edge theory35,36. The idea of building model states
from CFT was later also applied to lattice systems with
discrete spin or fermionic degrees of freedom37. In 1D,
ground states of Haldane-Shastry spin chains were ob-
tained in this way37,38, while these states describe quan-
tum Hall lattice systems in 2D. A wave function of free
fermions occurs as a special case having a vanishing topo-
logical entanglement entropy28. It is an example of a
chiral state with non-intrinsic topological order and rep-
resents a lattice version of the integer quantum Hall39
effect. Other 2D lattice states obtained from CFT were
shown to exhibit intrinsic topological order and describe
FQH phases28,40,41.
Given the construction of model states in terms of
CFT, it is natural to ask how their physical properties are
related to the CFT they are constructed from. For states
in 1D, it was shown that correlations and entanglement
entropies are in accordance with the CFT expectation40.
In 2D, CFT is associated with the gapless edge of FQH
systems. As shown in Ref. 35 for the case FQH states
with continuous spatial degrees of freedom, the assump-
tion of exponentially decaying bulk correlations implies
that the edge correlations are determined by CFT. Ex-
cept in special cases like that of free fermions28, the de-
termination of correlations and entanglement entropies
of states defined through CFT requires the use of Monte
Carlo for large systems, where exact methods fail. Re-
cently42, we made an approximation for correlations in a
class of abelian FQH lattice states and the corresponding
1D wave functions. This approximation corresponds to
replacing the discrete spin- 12 degrees of freedom by con-
tinuous spins, which makes it possible to obtain exact
results for large systems. We found good quantitative
agreement between the actual correlations and the ap-
proximation in a certain parameter range. In 2D, the
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2approximation has polynomially decaying edge correla-
tions and exponentially decaying bulk correlations.
In this paper, we adopt Moore and Read’s approach
and define a class of spin states on lattices from the CFT
of a massless, free boson. Opposed to earlier studies on
lattices, we consider the case of continuous spins s ∈ R.
On the one hand, this implies that these states have the
correlations that we used earlier42 to approximate the
spin- 12 case. On the other hand, they represent another
example of model states constructed from CFT, and the
aim of this paper is to investigate and characterize them.
The main motivation for studying the case of continuous
spins is that the resulting wave functions are Gaussian.
Opposed to the discrete case, their properties can thus
be computed efficiently using the framework of bosonic
Gaussian states. Following a new development of the past
years43–47, we use entanglement properties as the central
tool to characterize the states and investigate their topo-
logical properties.
In 1D, the states are closely related to the CFT they
are constructed from: We show that their entanglement
entropies and low-lying momentum-space entanglement
energies agree with those of a massless, free boson. We
also construct a parent Hamiltonian in 1D with low-lying
energies corresponding to that of the CFT. In 2D, we
confirm that the states do not have intrinsic topological
order since their topological entanglement entropy45,46
vanishes as expected for Gaussian states. On the other
hand, we observe low-lying states in the entanglement
spectrum that are exponentially localized at the edge.
The wave functions studied in this paper are constructed
from the complete (chiral + antichiral) CFT and are thus
real and nonchiral. This absence of chirality is similar to
the quantum spin Hall effect48–50. We also comment on
the corresponding chiral wave function, which is equiva-
lent to the real case in 1D. For general lattices, however,
the chiral state depends on the ordering of the lattice
positions, which is in contrast to the real wave function.
This could indicate that the chiral case does not fall un-
der the framework of bosonic Gaussian states, and we
leave this case open for future investigations.
This paper is structured as follows: Sec. II defines the
states with continuous spins studied in this paper, shows
how they can be represented as bosonic Gaussian states,
and explains how we compute entanglement properties
for them. We discuss results for a 1D system with peri-
odic boundary conditions in Sec. III and for 2D systems
on the cylinder in Sec. IV. Sec. V concludes this paper.
II. SPIN STATES FROM CONFORMAL FIELD
THEORY
This section defines states with a continuous spin as
correlators of the free-boson CFT, represents them as
bosonic Gaussian states, and explains how we compute
entanglement properties.
A. Definition of states
We consider the CFT of a massless, free bosonic field
ϕ(z, z¯) for z ∈ C. This theory has a series of conformal
primary fields : eisϕ(z,z¯) : for s ∈ R, where the colons
denote normal ordering. We define spin wave functions
as the correlator of primary fields:
ψβ(s) (1)
= e−
1
4 (β+β0)s
2〈: e i√2 s1ϕ(z1,z¯1) : · · · : e i√2 sNϕ(zN ,z¯N ) :〉
= e−
1
4 (β+β0)s
2
δ (s1 + · · ·+ sN )
∏
m<n
|zm − zn|smsn ,
where zj for j ∈ {1, . . . , N} defines a lattice of positions
in the complex plane, s ∈ RN is a vector of N continuous
spin variables, δ is the Dirac delta function originating
from the charge neutrality condition, and β > 0 is a
real parameter. We define the real number β0 through
a normalizability criterion and introduce β0 separately
from β for convenience so that β is always positive, cf.
Sec. II C below. The parametric dependence of ψβ(s)
on the lattice positions zj is suppressed for simplicity of
notation.
The prefactor e−
1
4 (β+β0)s
2
in Eq. (1) corresponds to a
rescaling (zj , z¯j) → (λzj , λz¯j) with λ > 0, under which
the correlation function of primary fields : e
i√
2
sjϕ(zj ,z¯j) :
changes by a factor λ−
1
2s
2
. Comparing to the form of the
wave function of Eq. (1), we have β+β0 = 2 lnλ in terms
of the scale parameter λ of the lattice. In the definition
of ψβ(s), we do not include an additional parameter in
the exponent of the vertex operators as in the case of
discrete spins37. The reason is that such a parameter
can be removed by a rescaling of the continuous spins
sj ∈ R.
In a previous study42, we considered continuous-spin
approximations for correlations of spin- 12 states obtained
from CFT. The wave functions ψβ(s) have the same cor-
relations as the approximation that was made in Ref. 42,
cf. Appendix D for details.
In this work, we focus on the case of a real wave func-
tion ψβ(s) defined through operators : e
i√
2
sjϕ(zj ,z¯j) : with
chiral and antichiral components. We comment on the
corresponding chiral wave function in Appendix E, where
we also show that ψβ(s) is equivalent to the chiral case for
a uniform 1D lattice with periodic boundary conditions.
B. Representation as a Gaussian state
We now represent ψβ(s) as a bosonic Gaussian state,
which implies that its properties can be computed effi-
ciently for large systems. To this end, we replace the
delta function δ(s1 + · · · + sN ) in ψβ(s) by a Gaussian
of width proportional to
√
 for  > 0. This leads to the
wave function
ψβ,(s) = e
− 12st( 12eet+Xβ)s, (2)
3where
(Xβ)mn =
1
2
(β + β0) δmn +Xmn, (3)
Xmn = − ln (|zm − zn|+ δmn) , (4)
and e = (1, . . . , 1)t is the vector with all entries being
equal to one. Then,
ψβ(s) = lim
→0
1
2
√
pi
ψβ,(s). (5)
Defining
Xβ, =
1
2
eet +Xβ ≡ 1
2
eet +
1
2
(β + β0) I+X, (6)
where I is the N × N identity matrix, ψβ,(s) assumes
the standard form of a pure, bosonic Gaussian state (cf.
Appendix A):
ψβ,(s) = e
− 12stXβ,s. (7)
C. Definition of β0
We define β0 by requiring that ψβ,(s) is normalizable
for all β > 0. According to Eq. (3), we have
β0 = −2 min{λ(1) , . . . , λ(N) }, (8)
where {λ(1) , . . . , λ(N) } are the eigenvalues of 12eet +X.
In the limit → 0, the matrix 12eet +X becomes di-
vergent, and we determine {λ(1) , . . . , λ(N) } as the inverse
eigenvalues of[
1
2
eet +X
]−1
= X−1 − X
−1eetX−1
2+ etX−1e
, (9)
where we used a general formula for the inverse of a ma-
trix that is changed by a term of rank one51.
D. Entanglement properties
The representation of ψβ(s) as a Gaussian state al-
lows us to efficiently compute its entanglement proper-
ties under partition of the system into parts A and B, cf.
Appendix B for details.
In summary, we find that the Re´nyi entanglement en-
tropies Sa(A) of order a are given by
Sa(A) = −1
2
ln + S′a(A) +O(), (10)
where S′a(A) is independent of . The divergence in
Sa(A) for  → 0 is a consequence of the delta function
δ(s1 + · · · + sN ) in ψβ(s). By subtracting it, we obtain
the finite entropies S′a(A). The entanglement Hamilto-
nian can be brought into the diagonal form
∑|A|
j=1 ω˜jb
†
jbj
in a suitable basis of annihilation and creation operators
bj and b
†
j . The single-particle energies ω˜j determine the
entanglement spectrum.
E. States on the cylinder
For the rest of this paper, we study a system on a
cylinder with a square lattice of Nx sites in the open and
Ny sites in the periodic direction:
wm ≡ wmxmy =
2pi
Ny
(mx + imy) , (11)
where mx is the x and my the y component of the index
m [m = (mx − 1)Ny +my], and we identify wmxmy with
wmx,my+Ny . This includes a uniform lattice in 1D with
periodic boundary conditions as the special case Nx = 1.
The wave function ψβ(s) was defined for positions zj
in the complex plane in Eq. (1). For positions wj on the
cylinder, we use the map zj = e
wj from the cylinder to
the plane and define the wave function by evaluating the
CFT correlator on the cylinder:
ψβ(s) (12)
= e−
1
4 (β+β0)s
2〈: e i√2 s1ϕ(w1,w¯1) : · · · : e i√2 sNϕ(wN ,w¯N ) :〉
= e−
1
4 (β+β0)s
2
δ (s1 + · · ·+ sN )
×
∏
m<n
∣∣∣∣2 sinh(12(wm − wn)
)∣∣∣∣smsn ,
where we used Eq. (1) and the transformation rule for pri-
mary fields52 under zj = e
wj . The definition of ψβ,(s)
introduced in Sec. II B changes accordingly on the cylin-
der.
III. PROPERTIES OF STATES IN 1D
In this section, we study properties of ψβ(s) for a 1D
system with periodic boundary conditions. We show that
the correlations, entanglement properties, and a parent
Hamiltonian exhibit signatures of the underlying CFT of
a free, massless boson.
A. Correlations
A plot of spin-spin correlations in ψβ(s) and a fit to the
CFT expectation are shown in Fig. 1 for β ∈ {0.5, 2, 4, 8}.
We observe a long-range power-law decay that is consis-
tent with a power of −2 independent of β and find that
the correlator is negative at large distances. This agrees
with the term in the bosonization result for the XXZ
model53 that originates from the current-current correla-
tor. The correlations in ψβ(s) do, however, not have the
staggered contribution observed for the XXZ model. We
interpret this as a smoothing effect due to the transition
from discrete to continuous spins. A similar behavior was
found in Ref. 42 in the context of approximating corre-
lations for spin- 12 lattice states.
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FIG. 1. (Color online) Spin-Spin correlations 〈QL+1Q1〉 in ψβ(s) in 1D with periodic boundary conditions for N = 100 sites.
The operator Qm is defined as (Qmψβ)(s) = smψβ(s). The long-range decay is consistent with the CFT expectation of an
algebraic decay with a power of −2. The fit was done for the 10 data points with the largest value of L.
B. Entanglement entropies
For a partition of the system into two connected re-
gions of length L and N − L, respectively, the CFT en-
tanglement entropy is given by44,54,55
SCFTa (L) =
c
6
(
1 +
1
a
)
ln
[
N
pi
sin
( pi
N
L
)]
+ c′a, (13)
where c is the central charge, a the order of the Re´nyi
entropy, and c′a a non-universal constant. As shown in
Fig. 2, we find good agreement between the entropy of
ψβ(s) and S
CFT
a (L) for larger values of L.
For a system that has a low-energy description in terms
of a Luttinger liquid, one expects56 subleading, oscilla-
tory corrections to the CFT behavior of Eq. (13). For the
XXZ model, for example, these oscillations were found56
in Re´nyi entropies Sa for a 6= 1. From Fig. 2, we con-
clude that such oscillations around the CFT expectation
are absent for the state ψβ(s). This is in agreement with
our findings about the correlations, and we interpret it
as a result of the transition from discrete to continuous
spins, which has a smoothing effect and thus removes
the oscillatory components. We analyzed the deviation
of the entanglement entropy in ψβ(s) from S
CFT
a (L). For
large distances L, we find a correction to the CFT pro-
portionality constant c6 (1 +
1
a ). This deviation becomes
smaller for larger systems and can thus be considered to
be a finite size effect.
C. Entanglement spectrum
To further substantiate the close connection between
ψβ(s) and the free-boson CFT, we computed the entan-
glement spectrum for a partition in momentum space.
This choice makes it possible to trace out the negative
momenta, thus retaining only the chiral components57,58.
The details of the computation can be found in Ap-
pendix B 3. In summary, we find an entanglement Hamil-
tonian
∑bN−12 c
k=1 ω˜kb
†
kbk, where bk and b
†
k are bosonic anni-
hilation and creation operators, k is the momentum, and
ω˜k are single-particle entanglement energies. We plot the
low-lying part of the spectrum in Fig. 3. For large sys-
tems, we observe a linear behavior ω˜k = kω˜1, where ω˜1
is the energy at momentum k = 1. The entanglement
spectrum is thus consistent with a chiral, massless, free
boson.
D. Parent Hamiltonian
We now show that ψβ(s) in 1D has a parent Hamilto-
nian whose low-lying energies are in agreement with the
underlying CFT. The precise form of this Hamiltonian is
derived in Appendix C, where we also show that it can be
brought into the diagonal form
∑N
k=1 ωkb
†
kbk in a suitable
basis of annihilation and creation operators bk and b
†
k.
Due to translational invariance, k in the single-particle
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FIG. 2. (Color online) Entanglement entropies in ψβ(s) in 1D with periodic boundary conditions and N = 100 sites. The
long-range behavior is consistent with the CFT expectation of Eq. (13). The quantities S′a can become negative since they
differ from the Re´nyi entropies Sa by a divergent term, cf. Eq. (10). For the fit to the CFT formula, we chose c = 1 and used
the 10 data points with the largest value of L.
energies ωk has the meaning of a momentum variable in
1D.
The low-lying part of the single-particle spectrum is
shown in Fig. 4. The observed linear behavior ωk =
ω1|k| is consistent with CFT and our findings about the
momentum-space entanglement spectra. In the latter
case, however, the spectrum has only chiral components
since the negative momenta were traced out.
IV. PROPERTIES OF STATES IN 2D
In this section, we consider a cylinder of size Nx ×
Ny as defined in Sec. II E. Through a determination of
the topological entanglement entropy and entanglement
spectra, we provide evidence that ψβ(s) exhibits edge
modes.
A. Correlations
Since the spin-spin correlations do not depend on the
phase of the wave function, the correlators in ψβ(s) agree
with those of the approximation made in Ref. 42, cf. Ap-
pendix D. In agreement with Ref. 42, we find an expo-
nential decay of spin-spin correlations in the bulk of a
2D system. The long-range edge correlations decay with
a power of −2 independent of β, which agrees with the
decay of a current-current correlator of the underlying
CFT.
B. Absence of intrinsic topological order
The topological order of a state can be characterized
by the topological entanglement entropy45,46 γtop, which
occurs in the dependence of the entanglement entropy
Sa(A) on the region A:
Sa(A) = −γtop + b ∂A+ . . . , (14)
where ∂A is the perimeter of A, b is a non-universal
constant, and the dots stand for terms that vanish for
∂A→∞. A nonzero value of γtop indicates that a state
exhibits intrinsic topological order.
The topological entanglement entropy can be com-
puted as a linear combination of entropies for geometries
that are chosen so that the terms dependent on ∂A in
Eq. (14) drop out45,46. Here, we consider the construc-
tion of Levin and Wen46 with regions as defined in the left
panel of Fig. 5. For geometries that are large compared
to the correlation length, γtop is equal to
SLevin−Wen =
1
2
[
(S1(ABC)− S1(AC)) (15)
− (S1(ABCD)− S1(ADC))
]
,
where the Re´nyi index a = 1 was chosen.
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FIG. 3. (Color online) Single-particle entanglement spectrum in 1D with periodic boundary conditions for a partition in
momentum space. The low-lying part of the spectrum is shown for various system sizes and values of β.
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FIG. 4. (Color online) Low-lying energies of the single-particle spectrum for the parent Hamiltonian of ψβ(s) in 1D with
periodic boundary conditions.
We plot SLevin−Wen for ψβ(s) in the right panel of
Fig. 5. For all considered system sizes and values of β,
we observe that SLevin−Wen is below 0.002. Furthermore,
SLevin−Wen tends to decrease for larger systems. This
indicates that the state has a vanishing topological en-
tanglement entropy, γtop = 0, and thus no intrinsic topo-
logical order. A similar observation of a vanishing topo-
logical entanglement entropy was made for BCS states
with a px + ipy symmetry in Refs. 59 and 60.
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FIG. 5. (Color online) Left panel: Definition of regions for the computation of the topological entanglement entropy according
to Ref. 46. The regions A and C are of size ∆× 3∆ and the regions B and D of size ∆×∆. We place the region ABCD into
the center of a cylinder of size Nx ×Ny. Right panel: Linear combination SLevin−Wen of Eq. (15) for different system sizes and
values of β. The size of ∆ was chosen as ∆ = Nx/5.
C. Entanglement spectrum and edge states
x
y
A B
FIG. 6. (Color online) Cut of the cylinder into two pieces A
and B for the computation of the entanglement spectrum.
In the previous subsection, we provided evidence that
ψβ(s) does not have intrinsic topological order. We now
study the entanglement spectrum and show that it con-
tains indications of edge states.
We consider a partition of the cylinder into two pieces
of equal size, where we choose the cut perpendicular to
the open direction as illustrated in Fig. 6. The low-
lying part of the single-particle entanglement spectrum
is shown in Fig. 7. Since the cut preserves translational
symmetry, the spectrum can be ordered according to the
momentum ky in the periodic direction. The dependence
of the low-lying single-particle energies ω˜ky is consistent
with
ω˜ky = A
√
2pi
Ny
|ky|+B 2pi
Ny
|ky|, (16)
where A and B are fit constants. For large systems, we
find that A and B are independent of the system size
within variations that are due to the chosen fit range.
Thus, ωky ∝
√|ky| for the smallest momenta. A similar
dispersion relation was recently found in the entangle-
ment spectra of coupled Luttinger liquids61.
Next, we investigate whether the low-lying excited
states in the entanglement spectrum are localized at the
boundary created by the cut and thus represent edge ex-
citations. To this end, we compute the basis change that
makes the entanglement Hamiltonian diagonal. To ex-
ploit translational symmetry, we use Fourier transformed
annihilation and creation operators a˜ixky and a˜
†
ixky
. As
shown in Appendix B 4, the entanglement Hamiltonian is
diagonal in annihilation and creation operators bixlyσ and
b†ixlyσ, where ly is an index of non-negative momenta and
σ a sign index (σ ∈ {+,−} for ly /∈ {0, Ny2 } and σ = +
for ly ∈ {0, Ny2 }). For ly /∈ {0, Ny2 }, the transformation
to the diagonal basis assumes the form(
bly,σ=+
b†ly,σ=+
)
= Rly
1√
2
(
a˜ly + a˜−ly
a˜†ly + a˜
†
−ly
)
, (17)(
bly,σ=−
b†ly,σ=−
)
= Rly
1√
2
(−ia˜ly + ia˜−ly
ia˜†ly − ia˜
†
−ly
)
, (18)
where blyσ = (bix=1,ly,σ, . . . , bix=Nx2 ,ly,σ
)t and analo-
gously for the other annihilation and creation operators.
The Nx × Nx matrix Rly is a symplectic basis transfor-
mation in the complex representation,
Rly =
 R(1)ly R(2)ly(
R
(2)
ly
)∗ (
R
(1)
ly
)∗
 . (19)
We order the spectrum so that (R
(r)
ly
)ixjx with ix = 1 and
r ∈ {1, 2} corresponds to the lowest energy state in the
sector of momentum ly. According to Eq. (17), blyσ are
linear combinations of modes with momenta ly and −ly.
The two choices σ ∈ {+,−} have the same energy and
correspond to the degeneracies in Fig. 7.
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FIG. 7. (Color online) Low-lying part of the single-particle entanglement spectrum in 2D for a cut of the cylinder into two
pieces as shown in Fig. 6.
Fig. 8 shows (R
(r)
ly
)ixjx for ix = 1 and ly ∈ {1, 2, 3}.
We observe that (R
(r)
ly
)ixjx falls off exponentially in jx for
large distances to the position of the cut (jx = 50). Thus,
the corresponding states are exponentially localized at
the edge created by the cut. This observation provides
evidence that ψβ(s) indeed supports gapless edge states.
We also did analogous computations for the local par-
ent Hamiltonian of Appendix C to test whether its low-
lying excited states are localized at the physical edges.
Compared to the entanglement spectrum, we observed
the following differences. First, the low-lying single-
particle spectrum of the parent Hamiltonian does not
consist of a single branch as the entanglement spectrum
of Fig. 7. Second, we find eigenstates of the Hamilto-
nian with low energies that are not localized at the edge.
This raises the question whether there is another par-
ent Hamiltonian with the same low-energy behavior as
observed in the entanglement spectrum.
V. CONCLUSION
This paper considers continuous-spin wave functions
ψβ(s) on lattices that are constructed as correlators of
the massless, free boson CFT. In contrast to the case
of discrete spins or continuous positional degrees of free-
dom, the wave functions ψβ(s) are Gaussian and their
properties can be computed efficiently using the formal-
ism of bosonic Gaussian states.
Through an analysis of entanglement entropies and
spectra, we found that ψβ(s) is closely related to the
underlying CFT in 1D. More precisely, we observed a
good agreement between the entanglement entropy of
ψβ(s) and the CFT expectation. In contrast to some
lattice systems like the XXZ model56, we do not find
subleading oscillatory corrections to the CFT behavior.
At small energies, we recovered the underlying CFT of
a free, massless boson, in the momentum space entan-
glement spectrum and also in the spectrum of a parent
Hamiltonian.
In 2D, we probed possible topological properties of
ψβ(s) through an analysis of entanglement entropies and
spectra. Although our results are consistent with a van-
ishing topological entanglement entropy, we found evi-
dence for edge states in the entanglement spectrum. The
absence of intrinsic topological order is distinct from the
chiral case with discrete spins.
The wave function ψβ(s) is real since it is constructed
from the full bosonic field ϕ(z, z¯). As a consequence, the
entanglement Hamiltonian in 2D has eigenstates that are
linear combinations of left- and right-moving modes. To-
gether with our observation of states localized at the edge
in the low-lying entanglement spectrum, this is an indi-
cation that ψβ(s) could describe a state that is similar
to a quantum spin Hall effect.
We found a local parent Hamiltonian whose low-lying
energy levels in 1D are consistent with the correspond-
ing entanglement spectrum. In 2D, however, this parent
Hamiltonian has low-lying excited states that are not lo-
calized at the edge, which is in contrast to the entangle-
ment spectrum. It would be interesting to investigate if
there is another local parent Hamiltonian with the same
910−4
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FIG. 8. (Color online) Amplitude of the basis transformation
for the first excited states in the entanglement spectrum of
Fig. 7. The shown data is for β = 2.0. (The correspond-
ing amplitudes for β ∈ {0.5, 4, 8} have the same qualitative
behavior.) The lowest energy in the sector of momentum ly
corresponds to ix = 1, cf. the explanation below Eq. (17).
The value jx = 50 is the position of the cut.
low-energy properties as observed in the entanglement
spectrum.
In 1D, the real wave function ψβ(s) is equivalent to
the analogously defined chiral wave function, which is
constructed from the chiral part of the free-boson field.
For general lattice configurations, however, ψβ(s) differs
from its chiral counterpart. In contrast to the real case,
we found that the chiral state depends on the ordering of
the lattice positions. It could, therefore, be that another
framework than that of bosonic Gaussian states is neces-
sary to consistently treat the chiral state, and it would be
interesting to investigate this question in a future study.
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Appendix A: The formalism of Gaussian states
In this section, we review the formalism of bosonic
Gaussian states as needed throughout this paper. In par-
ticular, we describe how to compute bipartite entangle-
ment properties of a generic, pure Gaussian state.
We consider Gaussian wave functions
ψ(s) = e−
1
2s
t(X+iY )s, (A1)
where s = (s1, . . . , sN )
t ∈ RN and X and Y are real
N × N matrices. Normalizability of the wave function
ψ(s) requires that X > 0. We think of s as the vector of
N continuous, effective spin variables.
The wave function ψ(s) has the same form as that
of N continuous, positional degrees on freedom on the
real line. Therefore, we introduce the operators Q =
(Q1, . . . , QN )
t and P = (P1, . . . , PN )
t through
(Qmψ)(s) = smψ(s), and (Pmψ)(s) = −i ∂ψ
∂sm
(s).
(A2)
The canonical commutation relations [Qm, Pn] = iδmn
can be written as
[Rm, Rn] = iΩmn, (A3)
where R = (Q1, . . . , QN , P1, . . . , PN )
t, and Ω is the 2N×
2N matrix
Ω =
(
0 I
−I 0
)
(A4)
with I being the N × N identity matrix. The bosonic
creation and annihilation operators are defined as(
a
a†
)
= U
(
Q
P
)
, (A5)
where
U = 1√
2
(
I iI
I −iI
)
, (A6)
a = (a1, . . . , aN )
t
, and a† =
(
a†1, . . . , a
†
N
)t
. These oper-
ators satisfy the canonical commutation relations[(
a
a†
)
m
,
(
a
a†
)
n
]
= Ωmn. (A7)
Symplectic matrices S are defined as 2N×2N real ma-
trices satisfying SΩSt = Ω. They preserve the commu-
tation relations of Eq. (A3): Given a symplectic matrix
S, the vector R′ = SR satisfies [R′m, R
′
n] = [Rm, Rn] =
iΩmn.
A Gaussian state ψ(s) is completely characterized by
its covariance matrix
γmn =
〈ψ| {Rm, Rn} |ψ〉
〈ψ|ψ〉 , (A8)
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where {•, •} is the anticommutator.
Using the wave function of Eq. (A1), one finds the
covariance matrix62,63
γ =
(
X−1 −X−1Y
−Y X−1 X + Y X−1Y
)
. (A9)
In this paper, we study entanglement properties un-
der a partition of the system into two parts. Given a
bipartition A = {i1, . . . , iL}, B = {j1, . . . , jN−L} with
A ∪ B = {1, . . . , N}, these are encoded in the reduced
density matrix ρA obtained from the pure-state density
matrix
|ψ〉〈ψ|
〈ψ|ψ〉 (A10)
by tracing out the degrees of freedom of subsystem B:
ρA = trB
|ψ〉〈ψ|
〈ψ|ψ〉 . (A11)
In terms of the covariance matrix, this operation assumes
a particularly simple form. Namely, the covariance ma-
trix γA in the state ρA obtained by tracing out the de-
grees of freedom in B is given by removing the rows and
columns corresponding to B from γ.64
The Re´nyi entanglement entropy of order a is defined
as
Sa(A) =
1
1− a ln tr [(ρA)
a
] , (A12)
where the limit a → 1 corresponds to the von Neumann
entropy. In terms of the covariance matrix γA of the
reduced state, the entropies Sa can be computed as
65
Sa(A) =
L∑
j=1
ga(νj), (A13)
where
ga(y) =
1
a− 1 ln
[(
y + 1
2
)a
−
(
y − 1
2
)a]
. (A14)
Here, νk are the symplectic eigenvalues of the matrix
γA, which are the positive eigenvalues of iγAΩ. The von
Neumann entropy is given by the limit a→ 1:
lim
a→1
ga(y) =
y + 1
2
ln
(
y + 1
2
)
− y − 1
2
ln
(
y − 1
2
)
.
(A15)
The entanglement Hamiltonian HA is defined as the
Hamiltonian whose thermal state is given by the reduced
density matrix, ρA = e
−HA . The factorization of a co-
variance matrix in terms of a symplectic basis transfor-
mation and a diagonal matrix consisting of symplectic
eigenvalues corresponds to a decomposition into a prod-
uct state of thermal oscillators66,67. Thus, the symplec-
tic spectrum of the reduced state’s covariance matrix is
directly related to single-particle energies of an entangle-
ment Hamiltonian. Each symplectic eigenvalue νj corre-
sponds to an energy
ω˜j = ln
νj + 1
νj − 1 . (A16)
Appendix B: Details on entanglement properties
This section explains how we compute entanglement
properties for the Gaussian wave function ψβ(s) defined
in Sec. II of the main text. With respect to the case
of generic Gaussian states discussed in Appendix A, we
now have to take into account the delta function in ψβ(s),
which leads to divergences. The regularization explained
in Sec. II B leads to the wave function ψβ,(s) with co-
variance matrix [cf. Eq. (A9)]
γβ, =
1
2
(
0 0
0 eet
)
+ γ′β,, (B1)
where
γ′β, =
(
X−1β, 0
0 Xβ
)
. (B2)
Using51
X−1β, = X
−1
β −
1
2+ etX−1β e
X−1β ee
tX−1β , (B3)
we find that γ′β, is finite in the limit → 0. In particular,
the QQ, QP , and PQ blocks of the covariance matrix γβ,
are finite, while the PP block has a divergent term.
1. Symplectic eigenvalues of the reduced state’s
covariance matrix
Let us write the covariance matrix of Eq. (B1) as
γβ, =
1
2
vvt + γ′β,, where v =
(
0
e
)
. (B4)
In the following, we consider a bipartition into disjoint
subsystems A = {i1, . . . , iL} and B = {j1, . . . , jN−L},
where A ∪B = {1, . . . , N} and L ∈ {1, . . . , N − 1}. The
covariance matrix after tracing out the subsystem B is
given by DAγβ,DtA, where
DA =
(
DA 0
0 DA
)
(B5)
with the L×N matrix
DA =
—e
t
i1
—
...
—etiL—
 (B6)
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and ei being the ith unit vector. The matrix DA removes
the rows and columns corresponding to B from γβ,.
The entanglement entropies and spectra follow directly
from the symplectic eigenvalues of DAγβ,DtA, which are
the positive eigenvalues of iΩDAγβ,DtA. However, the
covariance matrix γβ, is divergent in the limit  → 0,
which leads to an infinity in the symplectic eigenvalues
and thus in the entropies. To handle this divergence, we
compute the inverse [DAγβ,DtA]−1 since it is finite for
→ 0:
[DAγβ,DtA]−1 = [DAγ′β,DtA]−1 −
[
DAγ′β,DtA
]−1
DAvvtDtA
[
DAγ′β,DtA
]−1
2+ vtDtA
[
DAγ′β,Dt
]−1
DAv
, (B7)
where we used the formula of Ref. 51 to compute the inverse of a matrix that is changed by a term of rank one.
With µ
(1)
β, ≤ µ(2)β, · · · ≤ µ(L)β, being the ordered positive eigenvalues of −i [DAγβ,DtA]−1 Ω, the symplectic spectrum of
DAγβ,DtA is then given by {ν(j)β, = 1/µ(j)β,}1≤j≤L. For → 0, we have µ(1)β, → 0 so that ν(1)β, →∞.
Let us now compute how ν
(1)
β, scales with  for  → 0. This will be needed to subtract the divergence from the
resulting entanglement entropy. With det Ω = 1, we have
ln detDAγβ,DtA = ln det ΩDAγβ,DtA =
L∑
j=1
ln
[(
ν
(j)
β,
)2]
(B8)
and therefore
ln ν
(1)
β, =
1
2
ln detDAγβ,DtA −
L∑
j=2
ln
[
ν
(j)
β,
]
. (B9)
The matrix determinant lemma allows to express the determinant of DAγβ,DtA in terms of DAγ′β,DtA, which differs
from DAγβ,DtA only by a term of rank one. Thus, we obtain
ln ν
(1)
β, =
1
2
ln
[(
1 +
1
2
vtDtA
(DAγ′β,DtA)−1DAv)det (DAγ′β,DtA)]− L∑
j=2
ln ν
(j)
β, (B10)
= −1
2
ln + ln ν˜β +O(), (B11)
where
ln ν˜β =
1
2
ln
det
(
DAγ′β,=0DtA
)
2
vtDtA
(DAγ′β,=0DtA)−1DAv
− L∑
j=2
ln ν
(j)
β,=0. (B12)
2. Entanglement entropies and spectra
Having computed the symplectic spectrum
{ν(1)β,, . . . , ν(L)β, } of the reduced state’s covariance matrix,
we can now determine the entanglement properties in
ψβ(s).
The divergent symplectic eigenvalue assumes the form
ln ν
(1)
β, = − 12 ln + ln ν˜β +O() [cf. Eq. (B11)], and thus
we find
ga(ν
(1)
β,) = −
1
2
ln() +
1
a− 1 ln(a)− ln(2) + ln ν˜β (B13)
+O(),
where ga(y) was defined in Eq. (A14). From Eq. (A13),
the entanglement entropies then follow as
Sa(A) = −1
2
ln + S′a(A) +O(), (B14)
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where
S′a(A) =
1
a− 1 ln(a)− ln(2) + ln ν˜β +
L∑
j=2
ga
(
ν
(j)
β,=0
)
.
(B15)
The entropy S′a(A) differs from Sa(A) by the subtraction
of the divergent term − 12 ln .
Given the symplectic eigenvalues ν
(j)
β,, one can also
compute the entanglement spectrum. According to
Eq. (A16), we find the single-particle entanglement ener-
gies
ω˜j =
0 if j = 1,ln ν(j)β,=0+1
ν
(j)
β,=0−1
if j 6= 1 (B16)
in the limit → 0. Since ν(1)β, →∞ for → 0, the energy
ω˜1 vanishes. The entanglement Hamiltonian thus as-
sumes the form
∑L
j=1 ω˜jb
†
jbj , where bj and b
†
j are annihi-
lation and creation operators in a suitable basis. The pre-
cise relation between the original operators (aj , a
†
j) and
(bj , b
†
j) can be determined by computing Williamson’s
normal form63,68 of the covariance matrix corresponding
to the state’s reduced density matrix.
3. Momentum-space entanglement spectrum in 1D
with periodic boundary conditions
We now consider the state ψβ(s) in 1D with peri-
odic boundary conditions. For this choice, the matrix
(Xβ,)i,j only depends on the difference i− j modulo N ,
and thus we write (Xβ,)i,j = (Xβ,)i−j .
We consider the discrete Fourier transform
Fkj =
1√
N
e−2pii
kj
N , (B17)
where the normalization was chosen so that F is unitary.
Writing F = Fx + iFy with Fx and Fy real, we define
the symplectic transformation
F =
(
Fx −Fy
Fy Fx
)
, (B18)
which corresponds to a unitary rotation of creation and
annihilation operators of the form(
a
a†
)
→
(
F 0
0 F ∗
)(
a
a†
)
. (B19)
Therefore, F is the symplectic matrix that transforms to
momentum space.
The covariance matrix of Eq. (B1) transformed to momentum space then becomes
Fγβ,F t =
(
γ
(1)
β, 0
0 γ
(2)
β,
)
, (B20)
where
(
γ
(1)
β,
)
k,l
=
1
2
δ˜k−l
(Xˆβ,)
k
+
1(
Xˆβ,
)
k
− δ˜k+l
(Xˆβ,)
k
− 1(
Xˆβ,
)
k
 , (B21)
(
γ
(2)
β,
)
k,l
=
1
2
δ˜k−l
(Xˆβ,)
k
+
1(
Xˆβ,
)
k
+ δ˜k+l
(Xˆβ,)
k
− 1(
Xˆβ,
)
k
 , (B22)
(
Xˆβ,
)
k
=
N−1∑
j=0
e−2pii
kj
N (Xβ,)j , (B23)
and
δ˜k =
{
1 if k mod N = 0,
0 otherwise.
(B24)
Next, we trace out the momenta k /∈ A where A = {1, . . . , bN−12 c}, i.e., we remove the negative momenta and the
momenta k ∈ {0, N2 }. The resulting covariance matrix is diagonal:
DAFγβ,F tDtA =
bN−12 c⊕
k=1
1
2
(Xˆβ)
k
+
1(
Xˆβ
)
k
⊕ bN−12 c⊕
k=1
1
2
(Xˆβ)
k
+
1(
Xˆβ
)
k
 , (B25)
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where we replaced
(
Xˆβ,
)
k
by
(
Xˆβ
)
k
=
N−1∑
j=0
e−2pii
kj
N (Xβ)j (B26)
since
(
Xˆβ
)
k
=
(
Xˆβ,
)
k
for k 6= 0. In Eq. (B25), we can directly read off the symplectic eigenvalues of the reduced
state’s covariance matrix as
νk =
1
2
(Xˆβ)
k
+
1(
Xˆβ
)
k
 . (B27)
In a suitable basis, the entanglement Hamiltonian is thus given by
∑bN−12 c
k=1 ω˜kb
†
kbk, where bk and b
†
k are bosonic
annihilation and creation operators, and the entanglement energies are given by
ω˜k = ln
(
νk + 1
νk − 1
)
= 2 ln
∣∣∣∣∣∣
(
Xˆβ
)
k
+ 1(
Xˆβ
)
k
− 1
∣∣∣∣∣∣ . (B28)
Since we traced out the mode k = 0, all entanglement energies are independent of .
4. Entanglement spectrum on the cylinder
The entanglement cut of the cylinder made in Sec. IV C
preserves translational symmetry. Therefore, it is con-
venient to express the eigenbasis of the entanglement
Hamiltonian in terms of Fourier modes as explained in
the following. The entanglement Hamiltonian is diagonal
in the basis that transforms the reduced state’s covari-
ance matrix into Williamson’s normal form.
For a cylinder of size Nx × Ny with Nx even and co-
ordinates defined in Eq. (11), we consider the bipartition
A = {1, . . . , N2 }, B = {N2 + 1, . . . , N} corresponding to
Fig. 6. The Fourier transform of the reduced state’s co-
variance matrix is given by
Fyγ(A)β, F†y =
Ny−1⊕
ky=0
γ
(A)
ky,β,
, (B29)
where γ
(A)
β, = DAγβ,DtA, and
Fy =
(
Fy 0
0 F ∗y
)
(B30)
with
(Fy)ixky,jxjy =
δixjx√
Ny
e
− 2piiNy kyjy . (B31)
The Nx × Nx matrices γ(A)ky,β, are the blocks of the re-
duced state’s covariance matrix in momentum space. We
note that γ
(A)
ky,β,
is real and γ
(A)
ky,β,
= γ
(A)
−ky,β,. This is a
consequence of Xβ, being symmetric under iy − jy →
Ny − (iy − jy) for y indices iy, jy ∈ {1, . . . , Ny}.
The matrix Fy is complex and does therefore not de-
fine a real symplectic transformation. However, we can
construct a real matrix from it by combining the Fourier
modes of momentum ky and −ky. After this transforma-
tion, we have a description in terms of positive momenta
ly ∈ {0, . . . , bNy2 c} and an additional index σ ∈ {+,−}
for ly /∈ {0, Ny2 } and σ = + for ly ∈ {0, Ny2 }. More pre-
cisely, we define the unitary matrix Ty through its action
on a vector cixky in Fourier space as
(Tyc)ixlyσ =

cixly if ly ∈ {0, Ny2 },
1√
2
(
cixly + cix,−ly
)
if ly /∈ {0, Ny2 }
and σ = +,
1√
2
(−icixly + icix,−ly) if ly /∈ {0, Ny2 }
and σ = −.
(B32)
Introducing
Ty =
(
Ty 0
0 T ∗y
)
, (B33)
it follows that TyFy is real and symplectic. Furthermore,
TyFyγ(A)β, (TyFy)t =
bNy2 c⊕
ly=0
⊕
σ
γ
(A)
ly,β,
, (B34)
which follows from γ
(A)
ly,β,
= γ
(A)
−ly,β,. Using Williamson’s
decomposition63,68,69, we next construct symplectic ma-
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trices R′ly,β, to that
R′ly,β,γ
(A)
ly,β,
R′tly,β, (B35)
= diag
(
ν
(1)
ly,β,
, . . . , ν
(Nx2 )
ly,β,
, ν
(1)
ly,β,
, . . . , ν
(Nx2 )
ly,β,
)
.
The reduced state’s covariance matrix γ
(A)
ly,β,
is thus
brought into Williamson’s normal form through the
transformation (
Q′
P ′
)
= R′β,TyFy
(
Q
P
)
, (B36)
where
R′β, =
bNy2 c⊕
ly=0
⊕
σ
R′ly,β,. (B37)
In terms of creation and annihilation operators, this
transformation is given by(
b
b†
)
= Rβ,TyFy
(
a
a†
)
, (B38)
where Rβ, = UR′β,U†, the matrix U is defined as in
Eq. (A6), and we used UTyFyU† = TyFy.
For the blocks with momenta ly /∈ {0, Ny2 }, the trans-
formation of Eq. (B38) is given by(
bly,σ=+
b†ly,σ=+
)
= Rly,β,
1√
2
(
a˜ly + a˜−ly
a˜†ly + a˜
†
−ly
)
, (B39)(
bly,σ=−
b†ly,σ=−
)
= Rly,β,
1√
2
(−ia˜ly + ia˜−ly
ia˜†ly − ia˜
†
−ly
)
, (B40)
where bly,σ and a˜ly are vectors of length
Nx
2 correspond-
ing to ix ∈ {1, . . . , Nx2 }, Rly,β, are the blocks of Rβ,
defined analogously to Eq. (B37), and
a˜ixky =
1√
Ny
Ny∑
jy=1
e
− 2piiNy jykyaixjy (B41)
are the Fourier transformed annihilation operators.
For ky 6= 0, the blocks γ(A)β, and thus Rly,β, do not
depend on , which follows from the definition of Xβ, in
Eq. (6). Thus, Eq. (B39) leads to to Eq. (17) in the main
text, where we suppressed the dependence of Rly,β, on
β for better readability.
Appendix C: Parent Hamiltonian
The covariance matrix in ψβ,(s) is given by(
X−1β, 0
0 Xβ,
)
, (C1)
cf. Eq. (A9). The following Hamiltonians have a ground
state with the same covariance matrix and are thus par-
ent Hamiltonians of ψβ,(s):
Hη = 1
2
2N∑
i,j=1
(
Q
P
)
i
(Hη)ij
(
Q
P
)
j
, (C2)
where
Hη =
(
X1+ηβ, 0
0 X−1+ηβ,
)
, (C3)
η is a real parameter, and we used a general result70
about the relationship between a block-diagonal Hamilto-
nian and the corresponding ground-state covariance ma-
trix.
To diagonalize Hη, we choose an orthonormal eigenba-
sis V of Xβ,:
V tXβ,V = χβ,, (C4)
where
χβ, = diag
(
c
(1)
β,, . . . , c
(N)
β,
)
. (C5)
[The eigenbasis V is independent of β since Xβ, de-
pends on β through a term proportional to the identity,
cf. Eq. (6).] The symplectic matrix
Sβ, =
(
X
− 12
β, V 0
0 X
1
2
β,V
)
(C6)
transforms Hη into
Stβ,HηSβ, (C7)
= diag
[(
c
(1)
β,
)η
, . . . ,
(
c
(N)
β,
)η
,
(
c
(1)
β,
)η
, . . . ,
(
c
(N)
β,
)η]
.
Thus, the symplectic eigenvalues of Hη are given by(
c
(k)
β,
)η
. Defining single-particle energies as
ωk =
(
c
(k)
β,
)η
, (C8)
we thus find a parent Hamiltonian
∑N
k=1 ωkb
†
kbk of
ψβ,(s), where the new creation and annihilation oper-
ators b and b† are related to the original ones (a and a†)
through(
b
b†
)
=
1
2
(
χ
1
2
β, + χ
− 12
β, χ
1
2
β, − χ
− 12
β,
χ
1
2
β, − χ
− 12
β, χ
1
2
β, + χ
− 12
β,
)(
V t 0
0 V t
)(
a
a†
)
.
(C9)
With −i ∂ψ∂sk (s) = i(XQ)kψ(s), it follows that the excited
states with a single mode assume the form
b†k|ψβ〉 =
√
2
(
χ
1
2
β,V
t
Q
)
k
|ψβ〉. (C10)
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The main text discusses the case η = −1, where the
parent Hamiltonian becomes
Hη=−1 = 1
2
(
N∑
m=1
Q2m +
N∑
m,n=1
CmnPmPn
)
(C11)
with
C = X−2β,
∣∣
=0
=
[
X−1β −
X−1β ee
tX−1β
etX−1β e
]2
. (C12)
We did numerical computations for a uniform lattice on
the circle and a square lattice on the cylinder and found
that the matrix Cmn decays with the distance between
the sites m and n. At large distances, the decay is con-
sistent with a power law on the circle and on the edge of
the cylinder and with an exponential in the bulk of the
cylinder.
Appendix D: Relation to lattice states obtained
from conformal field theory
We now relate the wave functions ψβ(s) with sj con-
tinuous to a class of lattice states ψα with discrete spin-
1
2
degrees of freedom constructed from CFT. The latter are
defined as
|ψα〉 =
∑
s1,...,sN
ψα(s1, . . . , sN )|s1, . . . , sN 〉,
(D1)
ψα(s1, . . . , sN ) = 〈: ei
√
αs1ϕ(z1) : · · · : ei
√
αsNϕ(zN ) :〉
(D2)
= δs
∏
m<n
(zm − zn)αsmsn (D3)
where δs = 1 if s1 + · · · + sN = 0 and δs = 0 otherwise,
α > 0 is a real parameter, si ∈ {−1, 1}, and |s1, . . . , sN 〉
is the product of eigenstates |sj〉 of the spin-z operator
at lattice site j (tzj |sj〉 = 12sj |sj〉).
In a previous study42, we considered zz correlations
Cij in ψα,
Cij ≡ 4
〈ψα|tzi tzj |ψα〉
〈ψα|ψα〉 =
∑
s1,...,sN
sisjδs
∏
m<n |zm − zn|2αsmsn∑
s1,...,sN
δs
∏
m<n |zm − zn|2αsmsn
, (D4)
and approximated them for i 6= j by a continuous integral of the form
C
(approx)
ij =
∫
dNssisjδ (s1 + · · ·+ sN ) e− 12s2
∏
m<n |λ (zm − zn)|2αsmsn∫
dNsδ (s1 + · · ·+ sN ) e− 12s2
∏
m<n |λ(zm − zn)|2αsmsn
, (D5)
where λ > 0 is a scale parameter that we fixed by requiring that the subleading term of the approximation is minimal.
Rescaling sj → sj/
√
α in C
(approx)
ij and using
∏
m<n λ
smsn = e−
1
2s
2 lnλ for s1 + · · ·+ sN = 0, we find
C
(approx)
ij =
1
α
∫
dNssisjδ (s1 + · · ·+ sN ) e− 12s
2( 1α+2 lnλ)
∏
m<n |zm − zn|2smsn∫
dNsδ (s1 + · · ·+ sN ) e− 12s2( 1α+2 lnλ)
∏
m<n |zm − zn|2smsn
(D6)
=
1
α
∫
dNssisj |ψβ(s)|2∫
dNs|ψβ(s)|2 , (D7)
where we identified β + β0 =
1
α + 2 lnλ. Thus, the approximation C
(approx)
ij made in Ref. 42 corresponds to the
spin-spin correlations of the wave function ψβ(s) up to a total factor of
1
α . The same is true for the chiral state ψ˜β(s)
of Sec. E since ψβ(s) and ψ˜β(s) only differ by a phase and thus have the same spin-spin correlations.
Appendix E: Chiral state
The chiral analog of ψβ(s) has the form
ψ˜β(s) = e
− 14 (β+β0)s2〈: eis1ϕ(z1) : · · · : eisNϕ(zN ) :〉 (E1)
= e−
1
4 (β+β0)s
2
δ (s1 + · · ·+ sN )
×
∏
m<n
(zm − zn)smsn ,
where ϕ(z) is the chiral part of the free boson according
to the decomposition ϕ(z, z¯) = ϕ(z) + ϕ¯(z¯).
On the cylinder introduced in Sec. II E, the chiral wave
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function assumes the form
ψ˜β(s) = e
− 14 (β+β0)s2〈: eis1ϕ(w1) : · · · : eisNϕ(wN ) :〉 (E2)
= e−
1
4 (β+β0)s
2
δ (s1 + · · ·+ sN )
×
∏
m<n
[
2 sinh
(
1
2
(wm − wn)
)]smsn
.
We now show that ψβ(s) is equivalent to ψ˜β(s) for a
uniform lattice in 1D with periodic boundary conditions.
Setting Nx = 1 in Eqs. (11) and (E2), we have
ψ˜β(s) = δ (s1 + · · ·+ sN ) e− 14 (β+β0)s2 (E3)
×
N∏
m<n
[
2i sin
( pi
N
(m− n)
)]smsn
= ei
pi
4 s
2
δ (s1 + · · ·+ sN ) e− 14 (β+β0)s2
×
N∏
m<n
[
2 sin
( pi
N
(n−m)
)]smsn
= ei
pi
4 s
2
ψβ(s),
where we used that s1 + · · · + sN = 0. Up to the phase
factor ei
pi
4 s
2
, the wave function ψ˜β(s) thus coincides with
ψβ(s). Since e
ipi4 s
2
is a product of local phase factors, it
does not influence the spin-spin correlations and entan-
glement entropies. Furthermore, it can be transformed
away through the symplectic transformation(
Q
P
)
→
(
I 0
−pi2 I I
)(
Q
P
)
. (E4)
For generic lattice configurations, however, an impor-
tant difference between the real wave function ψβ(s) and
the chiral ψ˜β(s) is that the former is independent of the
lattice ordering while the latter is not. More precisely,
ψβ(s) is symmetric under a simultaneous permutation σ
of both the spins sj and the positions zj :
ψ
(zσ(1),...,zσ(N))
β (sσ(1), . . . , sσ(N)) = ψ
(z1,...,zN )
β (s1, . . . , sN ),
(E5)
where we explicitly wrote the parametric dependence of
ψβ(s) on the lattice positions. This symmetry does,
however, not hold in the chiral case. The permutation
σ(j) = N−j+1, for example, changes the wave function
according to
ψ˜
(zσ(1),...,zσ(N))
β (sσ(1), . . . , sσ(N)) (E6)
=
∏
m<n
epiismsnΦnm ψ˜
(z1,...,zN )
β (s1, . . . , sN ),
where Φmn =
1
pi [arg(zm − zn)− arg(zn − zm)], and we
explicitly wrote the parametric dependence on zj . The
phase
∏
m<n e
piismsnΦnm does not change the spin-spin
correlations in ψ˜β(s), but it influences entanglement
properties since it is in general not a product of single-
particle phase factors.
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